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We compute the contribution to the scalar metric perturbations from large-scale magnetic fields
which are generated during inflation. We show that apart from the usual passive and compensated
modes, the magnetic fields also contribute to the constant mode from inflation. This is different
from the causal (post-inflationary) generation of magnetic fields where such a mode is absent and
it might lead to significant, non-Gaussian CMB anisotropies.
PACS numbers: 98.80.-k,98.80.Cq,98.80.Es,07.55.Db,98.80.Qc
I. INTRODUCTION
Magnetic fields are observed in cosmic structures over
a wide range of length-scales and redshifts; from galaxies
to regions around high redshift quasars, from clusters and
superclusters to low density filamentary regions [1]. The
field values are a few microgauss in galaxies and clusters,
and of the order of the nanogauss in filaments. Recently,
Fermi and HESS data have been used to put a lower
bound of at least 10−17G on the intensity of magnetic
fields in the intergalactic medium and even in voids [2].
Finding an explanation for these magnetic fields is chal-
lenging, and their origin to date remains an open prob-
lem.
One possibility is that magnetic fields have been gener-
ated in the primordial Universe [3]. In particular, primor-
dial magnetogenesis mechanisms operating during infla-
tion have the advantage to provide magnetic seeds filling
the entire Universe, possibly with significant amplitude
also at very large scales. This goes in the right direction
to explain both the ubiquity of the observed fields and
the uniformity of the measured amplitudes.
In this paper, we focus on inflationary magnetic
fields, generated by breaking conformal invariance of
electromagnetism via a term in the action of the form
f2(ϕ)FµνFµν . This coupling of the electromagnetic field
to the inflaton was first proposed in Refs. [4, 5], and
subsequently reanalyzed in [6] for different categories of
string-inspired inflationary scenarios (see also [7]). The
same kind of action has been considered in the context
of dilaton electromagnetism [8] and DBI (Dirac-Born-
Infeld) inflation [9]. In Ref. [10] it has been pointed out
that, since f(ϕ) plays the role of the inverse coupling
constant to the charged Dirac field (e.g. the electron),
it must remain large because perturbation theory of the
interaction of the Dirac field with the electromagnetic
field is only trustable in the small coupling regime. This
constraint greatly reduces the capability of the model to
give rise to a significant magnetic field amplitude. Re-
cently, it has been pointed out that this problem could
be circumvented by coupling not only the electromag-
netic field but the entire matter Lagrangian to the in-
flaton [11]. However, a multiplication of the entire mat-
ter Langrangian with f2(ϕ) could be absorbed in a field
redefinition and will therefore not lead to any physical
effects. Another possibility to circumvent the problem
would be to multiply the coupling term with f(ϕ), i.e.
ψ¯eγµAµψ → ψ¯ef(ϕ)γµAµψ. This ensures that the cou-
pling to the canonically normalized field, f(ϕ)Aµ remains
constant, however this coupling explicitly breaks gauge
invariance which is only recovered when f(ϕ) freezes in
after inflation.
In this work we still concentrate on a coupling of the
form f2(ϕ)FµνFµν , because it has the advantage to be
quite general and simple, and because we believe that the
main feature of the result we obtain does not depend on
the specific form of the coupling. Note that helical mag-
netic fields can be generated by coupling a pseudoscalar
inflaton to the F˜F -term. However, it has been shown
that this coupling generically leads to blue spectra, which
do not have enough power on large scales to be the seeds
of the large-scale coherent fields observed in galaxies and
clusters [12].
Starting from the consistent assumption that the elec-
tromagnetic field arising from the amplification of vac-
uum fluctuations is subdominant and does not affect
the background dynamics of inflation, previous analy-
ses have evaluated the spectrum of the electromagnetic
energy density and studied the conditions under which
this kind of coupling gives rise to interesting magnetic
field amplitudes after inflation [5, 6]. However, the con-
tribution of the electromagnetic energy density, even if it
2does not affect the background, still affects metric per-
turbations at first order in perturbation theory. There-
fore, here we proceed one step further and calculate the
scalar metric perturbations induced by the electromag-
netic field at first order in perturbation theory on su-
perhorizon scales. We assume that the electromagnetic
energy-momentum tensor is first order, and consequently
the electromagnetic field is half order. Another possibil-
ity would be to set the electromagnetic field first order,
and its energy-momentum tensor second order. However,
the metric perturbations induced by the electromagnetic
field turn out to be much larger than second-order pertur-
bations in the inflaton; the latter can therefore be consis-
tently neglected, effectively going back to the first-order
scheme. The point of view of treating the electromag-
netic energy-momentum tensor as a second-order pertur-
bation has been taken in Ref. [13] where, nevertheless,
the second-order inflaton perturbations have also been
neglected: consequently, Ref. [13] effectively adopts the
perturbation expansion used in this work.
In the present analysis we find that during inflation,
the large-scale solution for the Bardeen potentials is
Ψ− , Φ− ∼ Ω−Π(k, η)/(kη)2, sourced by Ω−Π which de-
notes the electromagnetic anisotropic stress normalized
to the background energy density (note that here we iden-
tify the metric perturbation with their r.m.s. (root of
the mean square) amplitude, c.f. discussion in Section
IVA). Therefore, even though Ω−Π ≪ 1, the Bardeen po-
tentials become large on superhorizon scales. However,
we demonstrate that the ratio of the Weyl to Ricci ten-
sors is small, because it is determined by Ω−Π ≪ 1. It also
turns out that perturbations in other gauges, like comov-
ing and synchronous gauge do remain small: therefore
perturbation theory is valid during inflation.
We then match the inflationary solution for the metric
perturbations at the end of inflation to the solution in the
radiation era on the surface of constant background en-
ergy density, in the usual way [14]. From this, we derive
the metric perturbations at superhorizon scales during
the radiation-dominated era. The matching shows that
the large, 1/(kη∗)
2 contribution to the Bardeen potential
is transferred entirely to the decaying mode in the radia-
tion era. On the other hand, Ψ+ during the radiation era
gets a contribution at next order in the large-scale expan-
sion, i.e. at order O((kη∗)0). This constant term adds
to the usual ‘passive’ and ‘compensated’ modes leading
to a new effect in cosmic microwave background (CMB)
anisotropies, and it is specific to inflationary generated
magnetic fields (it is absent if the magnetic field is gen-
erated by a causal process).
The rest of the paper is organized as follows: in Sec-
tion II we present the perturbed Einstein equations and
derive the Bardeen equation in the presence of a nonzero
electromagnetic source; in Section III we assume a power-
law evolution in time for f(ϕ), and calculate the scalar
electromagnetic anisotropic stress which represents the
dominant source term of the Bardeen equation at su-
perhorizon scales; in Section IV, we find the solutions
for the Bardeen potentials both in the inflationary and
radiation-dominated eras, and perform the matching. In
Section IVD we derive the solutions at next-to-leading
order in the large-scale expansion and in Section V we
conclude. Some details of the calculations are deferred
to appendices.
Notation: Throughout this paper we use conformal
time η, comoving space coordinates x and wave vectors k
with the metric ds2 = a2(η)(−dη2+δijdxidxj); 4d space-
time indices are Greek letters while 3d spatial indices are
Latin letters and spatial vectors are denoted in bold face.
For the metric and scalar field perturbations we follow
the conventions of [15], while for the electromagnetic ac-
tion and field quantization we follow the conventions of
[6, 16]. We define the Planck mass by mP = (
√
8πG)−1.
II. METRIC PERTURBATIONS SOURCED BY
THE ELECTROMAGNETIC FIELD
We consider an electromagnetic field generated during
inflation by breaking of conformal invariance, as speci-
fied in Section III. We assume that the electromagnetic
energy-momentum tensor is first order in perturbation
theory, meaning that the electric and magnetic fields are
half order (c.f. discussion in the Introduction). Dur-
ing inflation, the background evolution is therefore de-
termined only by the background scalar field, whereas
both the scalar field perturbation and the electromag-
netic field contribute to the first order energy-momentum
tensor, δTαβ = δTϕ
α
β + T
α
emβ . The scalar field driving
inflation is split into a background part and a first-order
perturbation as ϕ(x, η) = ϕ0(η) + δϕ(x, η), so that the
background equations are [15]
4πG(ϕ′0)
2 = H2−H′ and ϕ′′0+2Hϕ′0+a2V,ϕ = 0 . (1)
A prime denotes derivative with respect to conformal
time η and H = a′/a. Since the electromagnetic field is
half order, the electromagnetic energy-momentum tensor
can be decomposed with respect to the unperturbed ve-
locity of the FL background, u¯α = a−1(1,0), and to the
unperturbed metric g¯αβ , and it is gauge invariant [17]:
Tαβem = (ρem+pem)u¯
αu¯β+pemg¯
αβ+2u¯(αqβ)em+Π
αβ
em . (2)
The parentheses around the superscripts of the third
term indicate symmetrization. We focus on scalar pertur-
bations and use longitudinal gauge with the notation [15]
ds2 = a2
[−(1 + 2Φ)dη2 + (1− 2Ψ)dx2] . (3)
Note that the ‘names’ Φ and Ψ are interchanged with re-
spect to [18]. The perturbed Einstein equations, δGαβ =
8πGδTαβ , for scalar perturbations in Fourier space in the
3presence of an electromagnetic field are:
3HΨ′ + (2H2 +H′)Φ + k2Ψ =
− 4πG
(
ϕ′0δϕ
′ + V,ϕa
2δϕ
)
− 4πGa2ρem , (4)
Ψ′′ + 2HΨ′ +HΦ′ + (2H2 +H′)Φ− k
2
3
(Φ−Ψ) =
4πG
(
ϕ′0δϕ
′ − V,ϕa2δϕ
)
+ 4πGa2pem , (5)
Ψ′ +HΦ = 4πGϕ′0δϕ− 4πGa i
kj
k2
qem j , (6)
k2(Φ−Ψ) = −8πGa2ΠS . (7)
Here ρem(k), pem(k) and qem j(k) are the electromag-
netic field energy density, pressure and Poynting vec-
tor in Fourier space obtained from Eq. (2). ΠS(k) ≡
−3/2kˆikˆjΠ jem i(k) is the scalar part of the electromag-
netic anisotropic stress; it is of the same order of mag-
nitude as the electromagnetic energy density. These
equations can be combined into a second-order evolution
equation for the variable Ψ, the Bardeen equation,
Ψ′′ + 2
(
H− ϕ
′′
0
ϕ′0
)
Ψ′ +
(
2H′ − 2Hϕ
′′
0
ϕ′0
+ k2
)
Ψ = S .
(8)
The source term S is due to the presence of the electro-
magnetic field. It is given by
S = 8πGa2
[
H (a
2ΠS)
′
a2k2
+ 2
(
H′ −Hϕ
′′
0
ϕ′0
)
ΠS
k2
− ΠS
3
− 1
2
(ρem − pem) +
(
2H+ ϕ
′′
0
ϕ′0
)
i kjqem j
k2a
]
.
(9)
We want to solve Eq. (8), in order to determine the effect
of the electromagnetic field on the scalar metric pertur-
bations. We are interested in the solution at very large
scales k|η| ≪ 1. We consider slow-roll inflation with
a ≃ a1
∣∣∣∣η1η
∣∣∣∣1+ǫ , H ≃ −1 + ǫη (10)
at first order in slow-roll. The slow-roll parameters ǫ and
ǫ2 are defined by [18]
H2 −H′ = ǫH2 , ǫ′ = 2ǫ(3ǫ2 + 2ǫ)H . (11)
From this we infer
ϕ′′0
ϕ′0
−H = (3ǫ2 + ǫ)H . (12)
Using these expressions together with Eqs. (1), and defin-
ing the new variable x = |kη| = −kη, Eq. (8) can be
rewritten as
d2Ψ
dx2
+
2(ǫ+ 3ǫ2)
x
dΨ
dx
+
[
1− 2(3ǫ2 + 2ǫ)
x2
]
Ψ =
S
k2
. (13)
At very large scales x≪ 1 and at first order in the slow-
roll parameters, the source term in (9) setting Sem =
S/k2 reduces to
Sem ≃ 8πGa
2
k4
[
HΠS ′ + 2
(
H2 +H′ −Hϕ
′′
0
ϕ′0
)
ΠS
]
≃ 3
x2ρϕ
[
2(1 + 2ǫ− 3ǫ2)
x2
ΠS − 1 + 3ǫ
x
dΠS
dx
]
(14)
All other contributions to the source term are suppressed
by at least one factor x ≪ 1. The source is therefore
completely dominated by the electromagnetic anisotropic
stress ΠS . We evaluate ΠS in the next section; for this,
we have to specify the generation mechanism for the elec-
tromagnetic field which is operating during inflation. The
above expression for the source includes also terms at first
order in the slow-roll expansion: as will become clear in
the following (c.f. Section IV), for the problem at hand
it is not enough to solve the Bardeen equation at lowest
order in the slow-roll expansion, but we will need to go
to first order.
In the following, we will also need to solve for the cur-
vature perturbation (see also [19]). The curvature on
comoving hypersurfaces ζ is defined by
ζ = Ψ+ 2(HΦ+Ψ′)/[3H(1 + w)] . (15)
This variable has the advantage that it is known to be
constant on superhorizon scales if the source is absent.
Using the definition above, we can derive a first-order
equation for ζ which shows that even in the presence
of the electromagnetic source, ζ is conserved at lowest
order in the large-scale expansion x≪ 1, i.e., it does not
contain a 1/x2 term. Deriving (15), and eliminating Φ
via Eq. (7) and Ψ′′ with the help of the Bardeen Eq. (8),
one obtains:
ζ′ = − 2H
3(1 + w)
[(
k
H
)2
Ψ+
ΠS
ρϕ
+
ρem
ρϕ
−
(
2H+ ϕ
′′
0
ϕ′0
)
3
ρϕ a
i kj
k2
qem j
]
,
(16)
where w = pϕ/ρϕ = −1+ 2ǫ/3. The curvature perturba-
tion is therefore sourced only at next-to-leading order in
the large-scale expansion x≪ 1, i.e. it is of order x2Ψ/ǫ.
From the above equation, we see that the lowest-order
solution for the Bardeen potential Ψ is sufficient in order
to calculate ζ at next-to-leading order.
It is also possible to derive an equation for ζ which al-
lows us to compute ζ in a way independent of the Bardeen
potential. This can be done directly from the Einstein
equations in comoving gauge; the details of the deriva-
tion are given in Appendix A, and the resulting equation
to lowest order in the slow roll parameters is
d2ζ
dx2
− 2
x
dζ
dx
+ ζ =
1
ǫ x2ρϕ
[
−6ρem + xdρem
dx
+ x
dΠS
dx
]
.
(17)
4Comparing the source of the Bardeen Eq. (14) and the
one of the above equation, we see that the former is
by a factor x−2 larger than the latter. We therefore
also expect the Bardeen potentials to be by a factor of
about x−2 larger than the curvature perturbation, which
is only sourced at next-to-leading order in x ≪ 1. On
the other hand, we note that the source of (17) is larger
in what concerns the slow-roll expansion: it is of order
ǫ−1, while (14) is of order ǫ0. One therefore needs to be
very careful in dealing properly with the large-scale and
slow-roll expansions, as will become clear in Section IV.
III. THE SOURCE TERM OF THE BARDEEN
EQUATION
As discussed in the introduction, one of the simplest
ways to generate an electromagnetic field by amplifica-
tion of vacuum fluctuations during inflation is to break
conformal invariance of the electromagnetic action by in-
troducing a coupling between the electromagnetic field
and the scalar field as
S = − 1
16π
∫
d4x
√−gf2(ϕ)FµνFµν + Sϕ,g + · · · , (18)
with the Faraday tensor Fµν = Aν,µ − Aµ,ν , and Aν the
electromagnetic 4-vector potential. In the following, we
adopt Coulomb gauge A0(x, η) = 0, ∂jA
j(x, η) = 0 and
follow the notation of Ref. [16]. From Maxwell’s equa-
tions, [
√−gf2Fµν ],ν = 0, we obtain an evolution equa-
tion for the space components Ai(x, η). In a cosmological
background it reads [16]
A′′i + 2
f ′
f
A′i −∆Ai = 0 , (19)
where ∆ is the comoving spatial Laplacian. For a Fourier
mode k, we simply have ∆ = −k2. The time evolution
of the vector potential depends on the coupling function
f(ϕ), and we adopt the following simple form for it [6]:
f(η) = f1
(
η
η1
)γ
. (20)
This choice is motivated on the one hand by simplicity,
as it leads to simple power laws for the spectrum of the
electromagnetic field. But it also includes the exponen-
tial form first proposed by [5] in the case of power law
inflation, and it is sufficiently general to describe the case
of generic single-field inflation in the slow-roll approxima-
tion. We restrict to the values −2 ≤ γ ≤ 2, which insures
that the electromagnetic field remains subdominant and
does not back react on the background expansion during
inflation [6, 16]. The value γ = −2 produces a scale-
invariant (flat) spectrum for the magnetic field energy
density, corresponding to a spectral index nB = −3 for
the magnetic field spectrum itself, as defined for example
in Eq. (1.1) of [17] or Eq. (36) below.
With the above time evolution for the function f , the
equation for the vector potential can be solved analyti-
cally. Following [16] for the quantization of the electro-
magnetic field, we expand the vector potential in terms
of creation and annihilation operators b†λ(k) and bλ(k) as
Ai(x, η) =
√
4π
∫
d3k
(2π)3
2∑
λ=1
eiλ(k)
a
(21)[
bλ(k)A(k, η)e
ik·x + b†λ(k)A
∗(k, η)e−ik·x
]
,
where e1(k), e2(k) are unit vectors orthogonal to each
other and to k, which represent the two polarizations
of the electromagnetic field. It is convenient to define
the new variable A = a(η) f(η)A(k, η). Substituting
Eq. (20) and the expansion Eq. (21) into Eq. (19), this
latter can be solved in terms of the variable A as
A(k, η) =
√
x
k
[
C1(γ)Jγ−1/2(x) + C2(γ)J−γ+1/2(x)
]
,
(22)
where x ≡ |kη| = −kη, Jν denotes the Bessel function of
order ν, and C1, C2 are γ dependent coefficients which
are fixed as usual by imposing the initial condition that
for subhorizon scales, −kη→∞, the gauge field is in the
Minkowski space vacuum [16].
From the above solution for A we can infer the
anisotropic stress ΠS(k, η), which appears in the source
term in Eq. (14). We have ΠS(k) = T
i
em i/2 −
3/2kˆikˆjT
j
em i, and the electromagnetic energy-momentum
tensor is given by
T νemµ(x, η) =
f2
4π
(
FµαF
να − 1
4
g¯ νµ FαβF
αβ
)
,
Tem ij(x, η) =
f2
4π a2
{
−A′iA′j + (Ak,i −Ai,k)
(Ak,j −Aj,k)− 1
2
δij
[
(∇ ∧A)2 −A′2
]}
.
(23)
Inserting the expansion Eq. (21) into Eq. (23) we find
ΠS(k, η) =
3
2a4
∫
d3k′
(2π)3
2∑
λ,λ′=1
(
δij
3
− kˆikˆj
){
− eλ i(k′)eλ′ j(k− k′)f2
(A(k′, η)
f
)′(A∗(|k− k′|, η)
f
)′
+
[
eλ′ ℓ(k− k′)(kj − k′j)− eλ′ j(k− k′)(kℓ − k′ℓ)
]
×
[
eλ ℓ(k
′)k′i − eλ i(k′)k′ℓ
]
A(k′, η)A∗(|k − k′|, η)
}
b†λ(k
′)b†λ′(k− k′) + c.c. .
(24)
Here the ‘c.c.’ stands for the three other terms with
operators bλ(k
′)bλ′(−k − k′), bλ(k′)b†λ′(k + k′) and
b†λ(k
′)bλ′(k
′− k). More details are given in Appendix B.
5From this expression for ΠS(k, η) we can determine the
source term in Eq. (14), which is a quantum operator act-
ing on the electromagnetic vacuum. The source term is of
the form Sem(k, η) = α1(k, η)ΠS(k, η)+α2(k, η)Π
′
S(k, η).
How shall we proceed to compute the induced Bardeen
potential? Naively one might simply want to use the
vacuum expectation value of the operator Sem as a clas-
sical source term. However, this is not sufficient, since
〈0|ΠS |0〉 is independent of position and therefore does
not contribute to the fluctuations. On the other hand, to
work with the full fledged operator given in Eq. (24) is a
bit unwieldy. The important point to remark, though, is
that in order to solve the Bardeen Eq. (8) we only need
to know the time dependence of ΠS(k, η), which allows
us to calculate also Π′S(k, η) and therefore the full source
term. It turns out that, to determine the time depen-
dence of ΠS(k, η), the easiest way is to first evaluate its
power spectrum,
〈0|Π†S(q, η)ΠS(k, η)|0〉 = (2π)3PΠ(k, η)δ(q − k) , (25)
where the δ(q−k) is a consequence of translation invari-
ance and the spectrum PΠ(k, η) depends only on k = |k|
due to the isotropy of the quantum vacuum. The details
of the calculation are given in Appendix B. Here we only
want to stress that, from Eq. (24), the quantum operator
ΠS(k, η) is of the form
ΠS(k, η) =
4∑
i=1
Π¯i(k, η)Oi(k) , (26)
where Π¯i are deterministic functions of time, and the
operators Oi(k) do not depend on time (we formally
perform the integral in d3k′). In the power spectrum
〈0|Π†S(q, η)ΠS(k, η)|0〉, only one type of operators Oi is
such that 〈0|O†i (q)Oi(k)|0〉 6= 0, namely those which
first generate two modes and then destroy them. The
term which generates and destroys first a k′ and then a
q′-mode only contributes to the zero-mode, not to the
fluctuation. There are two terms which give a nonzero
contribution, and both give the same result. In Ap-
pendix B it is shown that finally the anisotropic stress
power spectrum can be written as the convolution of the
magnetic, electric and Poynting vector power spectra (c.f.
Eq. (B16)):
PΠ(k, η) = 18πf
4
∫ 1/|η|
0
k′2dk′
(2π)3
{
σ1(γ)PE(k
′, η)PE(|k − k′|, η) + σ2(γ)PB(k′, η)PB(|k − k′|, η)
+ σ3(γ)PEB(k
′, η)PEB(|k − k′|, η)
}
.
(27)
Here we can neglect the contribution coming from k′ >
1/|η|, because for subhorizon modes the Bessel functions
Jν(k
′|η|) and Jν(|(k−k′)η|) which enter in the integrand
(through Eqs. (24) and (22)) oscillate, and the result is
damped. The prefactors σ1(γ) , σ2(γ) and σ3(γ) depend
somewhat on γ but are always of order unity, and come
from the angular integrals which cannot be evaluated an-
alytically (see Appendix B). The power spectra are de-
fined by
〈0|Bi(q, η)B∗j (k, η)|0〉 = (δij − kˆikˆj)(2π)3PB(k, η)δ(q − k)
〈0|Ei(q, η)E∗j (k, η)|0〉 = (δij − kˆikˆj)(2π)3PE(k, η)δ(q − k)
〈0|Ei(q, η)B∗j (k, η)|0〉 = (iεijlkˆl)(2π)3PEB(k, η)δ(q − k)
and have been calculated, e.g., in Refs. [6, 16] with the
results
PB = 4π
k2
f2a4
|A(k, η)|2 , (28)
PE = 4π
1
a4
∣∣∣∣∣
(A(k, η)
f
)′∣∣∣∣∣
2
, (29)
PEB = 4π
k
fa4
(A(k, η)
f
)′
A∗(k, η) . (30)
Since we are interested in the solution for Ψ of Eq. (13)
at large scales, superhorizon modes, we only need to com-
pute the source for x = |kη| < 1. We can then expand
the Bessel functions in Eq. (22) for x ≪ 1 and in this
limit the solution becomes
A(k, η) ≃ 1√
k
[
c1(γ)x
γ + d1(γ)x
γ+2
+ c2(γ)x
1−γ + d2(γ)x
3−γ
]
, (31)
6with
c1(γ) =
e−iπγ/2
cos(πγ)
√
π/4
2(γ−
1
2 )Γ(γ + 1/2)
, (32)
d1(γ) =
c1(γ)
γ + 1/2
, (33)
c2(γ) =
eiπ(γ+1)/2
cos(πγ)
√
π/4
2(
1
2−γ)Γ(3/2− γ) , (34)
d2(γ) =
c2(γ)
3/2− γ . (35)
Depending on the value of γ, different terms dominate
in the expansion (31), leading to different results for the
magnetic, electric and Poynting vector spectra, and con-
sequently also for PΠ(k, η). For the power spectra we
obtain, for x < 1
PB(k, η) =
4πk
f2a4
{ |c1|2x2γ if γ < 1/2
|c2|2x2−2γ if γ > 1/2 , (36)
PE(k, η) =
4πk
f2a4
{
4|c1|
2
(γ+1/2)2x
2γ+2 if γ< −1/2,
(1−2γ)2|c2|2x−2γ if γ>−1/2
(37)
PEB(k, η) =
4πk
f2a4

−2|c1|
2
γ+1/2 x
2γ+1 if γ <−1/2
(2γ − 1)c∗1c2 if − 1/2< γ<1/2
(2γ − 1)|c2|2x1−2γ if γ>1/2 .
(38)
As an example, we compute the spectrum of the
anisotropic stress generated by the magnetic field PB,
i.e. the second term in the sum (27). For γ < 1/2, we
take the first line in Eq. (36). Using the general formula
Eq. (D2) from Appendix D to approximate the convolu-
tion, we obtain
PΠ(B) ≃
9|c1|4σ2
4π2|η|5a8 (39)
×
{
2γ+1
(4+2γ)(5+4γ) x
5+4γ if − 2 < γ < −5/4 ,
1
5+4γ if − 5/4 < γ < 1/2 .
For γ > 1/2, we take the second line in Eq. (36) and we
obtain
PΠ(B) ≃
9|c2|4σ2
4π2|η|5a8
1
9− 4γ , if γ > 1/2 . (40)
Similar expressions for the anisotropic stress generated
by the electric field and the cross term are computed in
Appendix C.
From these expressions, we can evaluate PΠ(k, η).
Comparing the scaling of the magnetic, electric and
cross term contributions, we can identify three different
regimes. For −2 < γ < −5/4, the magnetic field always
dominates for x < 1, and we can neglect the electric
contribution and the cross term. For −5/4 < γ < 5/4
all the contributions are of the same order of magni-
tude. This follows from the fact that for these values
of γ the integrals over k′ are dominated by the upper
bound 1/|η|, leading to a white noise spectrum (see Ap-
pendix D). Finally, for 5/4 < γ < 2, the electric field
contribution dominates and in principle we could ne-
glect the magnetic field contribution and the cross term.
However, at the end of inflation, when the Universe en-
ters the radiation era, conductivity quickly becomes very
high, meaning that the electric field decays rapidly (see
for example [20]). The only remaining contribution to
the anisotropic stress then is due to the magnetic field.
Therefore, in this case we keep both the electric and the
magnetic contribution in the anisotropic stress. Putting
everything together we find the following power spectrum
for the scalar anisotropic stress potential:
PΠ(k, η) ≃ 9
4π2|η|5a8

|c1|
4σ2(1+2γ)
(4+2γ)(5+4γ) x
5+4γ if − 2 < γ < −5/4
|c1|
4σ2
5+4γ +
|2c1|
4σ1
(1/2+γ)4(9+4γ) +
4|c1|
4σ3
(1/2+γ)2(7+4γ) if − 5/4 < γ < −1/2
|c1|
4σ2
5+4γ +
|(1−2γ)c2|
4σ1
5−4γ +
σ3|c1c2|
2(1−2γ)2
5 if − 1/2 < γ < 1/2
|c2|
4σ2
9−4γ +
|c2|
4σ1(1−2γ)
4
5−4γ +
|c2|
4σ3(1−2γ)
2
7−4γ if 1/2 < γ < 5/4
|c2|
4σ1(1−2γ)
5
(4−2γ)(5−4γ) x
5−4γ + |c2|
4σ2
9−4γ if 5/4 < γ < 2 .
(41)
The expressions above diverge at the boundary of their validity. Except in the case |γ| = 2, this is simply be-
7cause our approximation for the integrals derived in Ap-
pendix D breaks down: the true integral would remain
finite. For |γ| = 2 instead, this is the usual log divergence
of a scale-invariant spectrum. Note that the magnetic
field contribution for γ > 5/4 (the term proportional
to σ2 in the last line of the above equation) is smaller
than the one from the electric field by a factor x4γ−5, for
x < 1. Hence the effect of this contribution to the dy-
namical evolution of the Bardeen potential during infla-
tion is negligible with respect to the effect of the electric
field: we can therefore neglect it in the computation of
the source during inflation. However, as previously men-
tioned, only the magnetic field survives beyond inflation
and generates the anisotropic stress, because of the high
conductivity during the radiation era. We have therefore
to take into account the magnetic field contribution for
the solution of the Bardeen equation in the radiation era,
see Section IVB.
Furthermore, note that the prefactor |η|−5 has the cor-
rect dimension: since [ΠS(x)] = [ℓ
−4] and the Fourier
transform is a volume integral, we have
[ℓ−2] = [〈Π†S(k)ΠS(k′)〉] = [δ(k − k′)PΠ] .
With [δ(k − k′)] = [ℓ3] this implies [PΠ] = [ℓ−5].
For the remainder of this paper, we use a simplified
expression for the power spectrum PΠ. For all values of
γ ∈ [−2, 2], Eq. (41) is of the following form, for super-
horizon scales x < 1:
PΠ(k, η) ≃ C
2
Π(γ)
a8|η|5
{
x5−4|γ| if 5/4 < |γ| < 2
1 else,
(42)
where CΠ(γ) is a dimensionless parameter of order unity.
This expression for PΠ allows us to simplify considerably
the analytical evaluation of the metric perturbations. It
involves several approximations, but the spectral shape
is correct and the evaluation of the prefactor is the best
possible if one proceeds analytically.
In order to compute the source of Eq. (14), we also
need to determine Π′S(k, η); expression (42) helps us in
this task. We note in fact that on superhorizon scales
and at lowest order in the slow-roll expansion, the time
dependence of the power spectrum of ΠS(k, η) is given
by PΠ ∝ |η|2α with
α(γ) =
{
4− 2|γ| , |γ| ≥ 5/4
3/2 , |γ| ≤ 5/4 (43)
= min{4− 2|γ|, 3/2} . (44)
Moreover, from Eqs. (24) and (31) one finds that on
large scales x < 1, the operator ΠS(k, η), expressed in
terms of the variables x and k, is simply a power law in
x. Recalling Eq. (26), we can simply write ΠS(k, x) =
xm
∑4
i=1 Π¯i(k)Oi(k), where the entire time dependence
is collected in the prefactor. Hence the power spectrum
must go like x2m:
(2π)3δ(q− k)PΠ(k) = x2m|Π¯1(k)|2〈0|O†1(q)O1(k)|0〉 ,
(45)
setting i = 1 for the only kind of operator which sur-
vives. Eq. (42) therefore implies m = α, so that we find
the simple relation valid at lowest order in the slow-roll
expansion:
Π′S(k, η) ≃ −
α
|η| ΠS(k, η) , at O(ǫ
0) . (46)
Note that at next order in slow-roll, ΠS(k, η) gets an
extra time dependence as |η|4ǫ. We now have all the
ingredients to determine the source term in Eq. (14) at
lowest order in slow-roll:
Sem ≃ 3
x4
(
2− α)ΠS(k, η)
ρϕ
. (47)
In Section IVD, to integrate the ζ-equation (17), we shall
also need the spectrum of the electromagnetic energy
density and its derivative. These can be obtained along
the same lines as above, with the same qualitative results.
We are not repeating the details. Defining as usual
〈0|ρ†em(q, η)ρem(k, η)|0〉 = (2π)3Pem(k, η)δ(q−k) , (48)
and substituting Eqs. (21) and (22) in ρem(x, η) =
−T 0em 0(x, η), one obtains an expression anal-
ogous to Eq. (27), where only the constants
σ1(γ), σ2(γ) and σ3(γ) are different. The final
result can again be parametrized as
Pem(k, η) ≃ C
2
em(γ)
a8|η|5
{
x5−4|γ| if 5/4 < |γ| < 2
1 else,
(49)
leading to
ρ′em(k, η) ≃ −
α
|η| ρem(k, η) , at O(ǫ
0) (50)
with α as defined in Eq. (43).
With this, we can now proceed to solve Bardeen equa-
tion.
IV. RESOLUTION AND MATCHING
A. Bardeen potentials during inflation
We now want to compute Ψ at large scale by solving
Eq. (13) with the source term given by Eq. (47). The
homogeneous solutions of Eq. (13) are Ψ1 = x
pJν(x) and
Ψ2 = x
pJ−ν(x), with p = 1/2 + O(ǫ, ǫ2) and ν = 1/2 +
O(ǫ, ǫ2). The solution of the inhomogeneous equation can
be computed using the Wronskian method, and reads
Ψˆinh(k, x) =
−π
2 sin(νπ)
∫ x
xin
dx′x′Sem(k, x
′)
( x
x′
)p
[
Jν(x
′)J−ν(x)− Jν(x)J−ν (x′)
]
,
(51)
where xin = |kηin| is the initial time when the source
starts to act, i.e. horizon exit xin ∼ 1, and it is such that
8xin ≫ x. We denote the Bardeen potential by Ψˆinh in
order to indicate that this expression is a quantum oper-
ator acting on the electromagnetic vacuum: we will then
have to relate it to a stochastic variable after inflation
in the usual way, see the discussion later in this section.
Also in this case, the solution becomes highly squeezed
after horizon exit. Only the dominant mode of the Bessel
function, Ψ2 = x
pJ−ν(x) remains relevant. Since we are
interested in the large-scale solution x ≪ xin . 1, we
can expand the Bessel functions in Eq. (51) for small ar-
guments. Moreover, to integrate Eq. (51) we only need
to know the time behavior of the source term, which is
proportional to xα−4 (c.f. Eq. (47)). We obtain
Ψˆinh(k, x) ≃ x
2
(2− α)(3 − α)Sem(k, x) (52)
=
β
x2
ΠS
ρϕ
. (53)
Note that, since 0 ≤ α ≤ 3/2, the prefactor
β =
3
(3− α) (54)
is positive for all values of γ. Neglecting the decaying
mode of the homogeneous solution Ψ1 ≃
√
2π x/4, we
obtain the general large-scale solution for the Bardeen
potentials during inflation,
Ψˆ− ≃ bˆ(k) + β
x2
ΠS
ρϕ
and (55)
Φˆ− ≃ bˆ(k) + β − 3
x2
ΠS
ρϕ
, (56)
where bˆ(k) is the usual inflationary solution at large
scales, the homogeneous ‘growing mode’ (which is con-
stant in time). To obtain Eq. (56) we have used Eq. (7)
which yields
Φˆ− = Ψˆ− − 3
x2
ΠS
ρϕ
. (57)
The above solutions are the sum of two uncorrelated
quantum operators. The first, bˆ, acting on the inflaton
vacuum, and the second, proportional to ΠS , acting on
the electromagnetic vacuum. As mentioned before, these
quantum variables must be identified with classical per-
turbations having stochastic amplitudes by means of a
quantum to classical transition: this is explained, for ex-
ample, in [21, 22]. For simplicity we identify these vari-
ables with their r.m.s. amplitude, i.e. the square root
of the volume factor in wave number space times their
corresponding spectra: this is not a conventional choice
but it allows to simplify considerably our formulas. From
the corresponding power spectra, defined as
〈0|bˆ†(q, η)bˆ(k, η)|0〉 = (2π)3Pb(k, η)δ(q − k) , (58)
〈0|Ψˆ†−(q, η)Ψˆ−(k, η)|0〉 = (2π)3PΨ(k, η)δ(q − k) , (59)
we therefore define the dimensionless metric perturba-
tions:
Ψˆ− → Ψ− =
√
k3PΨ
bˆ→ b =
√
k3Pb .
An advantage of this somewhat unconventional definition
is that both Ψ−(k, η) and b(k, η) are dimensionless and
provide a good measure for the fluctuation amplitude at
comoving scale k. Analogously, for the anisotropic stress
power spectrum we introduce the dimensionless ratio Ω−Π
by
[
Ω−Π(k, η)
]2 ≡ k3PΠ
ρ2ϕ
=
(
8πG
3H2
)2
k3PΠ (60)
Ω−Π(k, η) ≃
H2
3m2P
CΠ(γ)x
α . (61)
The superscript − indicates that we evaluate the quantity
in the inflationary era (as opposed to the radiation era,
see Section IVB). Note that here the Hubble parameter is
taken at lowest order in slow-roll: H = H/a ≃ 1/(a1η1),
c.f. Eqs. (10). With this definition, the power spectrum
of the source term becomes
〈0|S†em(q, η)Sem(k, η)|0〉 = (2π)3PS(k, η)δ(q − k) ,(62)
k3PS(k, η) = 9(2− α)2
(
Ω−Π
x4
)2
. (63)
With Eqs. (52) and (54), we find the relation among the
power spectra
k3PΨinh ≃
x4
(2− α)2(3− α)2 k
3PS = β
2
(
Ω−Π
x2
)2
. (64)
We can now rewrite the solutions Eqs. (55) and (56) in
terms of the classical variables, which we understand as
their r.m.s. amplitudes, both for the inhomogeneous part
of the solution and for the inflationary part of the solu-
tion. We obtain with Eq. (64)
Ψ−(x) ≃ b(k) + β Ω
−
Π
x2
and (65)
Φ−(x) ≃ b(k) + (β − 3) Ω
−
Π
x2
, (66)
within the approximation that the magnetic field per-
turbations and the inflaton perturbations are uncorre-
lated, 〈0|Ψ†inh(k)bˆ(k)|0〉 = 0 (note that this is violated in
second-order perturbation theory [11]). Therefore, the
power spectra of Ψ− and Φ− are simply the sum of the
inflationary power spectrum and the inhomogeneous one.
The inhomogeneous part of the solutions Eqs. (65) and
(66), Ω−Π/x
2, behaves like xα(γ)−2. If γ = −2, i.e. when
the magnetic field energy density generated during in-
flation has a scale-invariant spectrum, one has α = 0
and therefore the inhomogeneous mode grows in time
9like x−2. One may wonder whether this leads to too
large metric fluctuations, but it is not the case: consider-
ing the ratio of the Weyl tensor Cµναβ ∝ k2(Φ+Ψ) and
the Ricci tensor, Rµν ∝ H2 ≃ η−2 one finds for the ra-
tio of typical components of the Weyl, respectively Ricci,
tensor [18]∣∣∣∣WeylRicci
∣∣∣∣
inh
≃ x2(Φinh +Ψinh) ∼ Ω−Π ≪ 1 . (67)
The last inequality is a consequence of the fact that we
require the electromagnetic field to be subdominant dur-
ing the inflationary era, so that ΠS ≃ ρem ≪ ρϕ.
B. Bardeen potentials during the radiation era
After inflation and reheating, the Universe enters the
radiation-dominated phase. Filled by a fully ionized
plasma of relativistic particles, the Universe becomes
conductive, in contrast to the inflationary phase during
which there are no free charges. The conductivity of the
Universe is very high, so that the electric field disappears
rapidly [6, 16, 20]. Wavelengths of cosmological interest
are much larger than the horizon scale at the end of in-
flation. For them, the transition to the radiation era and
the dissipation of the electric field can be considered as
instantaneous.
The evolution of the Bardeen potential in the radiation
era has already been studied in detail in [17] and [23].
Einstein’s equations can again be combined into a second-
order equation for Ψ, that reads (see Eq. (B5) in [17])
Ψ′′ + 4HΨ′ = 3H
k2
(H2Ω+Π)′ , (68)
where again we identify the metric perturbations with
their r.m.s. amplitudes, and Ω+Π =
√
k3PΠ/ρ¯rad is the di-
mensionless magnetic anisotropic stress parameter in the
radiation era. It is constant in time during the radiation
era as both, the radiation density and B2 scale as a−4.
Its value depends on γ and is given by the magnetic field
contribution of Eq. (41), i.e. by the part proportional to
σ2, evaluated at η = η∗. This magnetic part is indeed the
only one that survives in the highly conductive radiation
era. The general solution to Eq. (68) at large scales is
Ψ+(x) = Ψ0 +
Ψ1
x3
+
3Ω+Π
x2
and
Φ+(x) = Ψ0 +
Ψ1
x3
, (69)
where Ψ0 and Ψ1 are two arbitrary constants that need to
be determined by matching the solutions in the radiation
era to the one during inflation.
C. Matching
We have found the solutions for the metric potentials
Ψ and Φ in the presence of an electromagnetic field both
during inflation (at lowest order in the slow-roll expan-
sion) and in the radiation era. The solutions in the radi-
ation era are known once the initial conditions are spec-
ified. In order to have solutions valid through the whole
evolution of the Universe, we need to match properly Ψ
and Φ at the transition from inflation to the radiation
era.
The initial conditions in the radiation era are obtained
by matching the solutions given in Eqs. (65) and (66)
to Eqs. (69). As usual, we match the classical potentials
among themselves. We are only interested in wavelengths
much larger that the duration of the transition. For these
scales, the transition can be considered as instantaneous.
Within this approximation, the equation of state param-
eter w experiences a discontinuity at the transition, it
goes from roughly w ≃ −1 to w = 1/3. Furthermore, the
electromagnetic field anisotropic stress is discontinuous
when γ > −5/4, due to the fact that the electric field
contributes significantly during inflation for these values
of γ, while it vanishes in the highly conductive plasma of
the radiation era.
In [14] it has been shown that to match solutions
through a discontinuity of the energy-momentum tensor,
we have to impose that the induced 3-metric and the ex-
trinsic curvature remain continuous on the spacelike hy-
persurface of the transition Σ. We follow this procedure
here.
The most general metric containing only scalar pertur-
bations is given by
ds2 =a2
{
− (1 + 2A)dη2 + 2B,idηdxi
+
[
(1 + 2C)δij + 2E,ij
]
dxidxj
}
.
(70)
A convenient choice of coordinates to fix the match-
ing conditions is to define the transition hypersurface
through η˜ = const. The time coordinate η˜ is related to
the original one by a gauge transformation η˜ = η+T [14].
On the {η˜ = const.} slices, the continuity of the induced
3-metric and of the extrinsic curvature requires the con-
tinuity of E˜, C˜, B˜− E˜′ and C˜′−HA˜ through the transi-
tion [14]. Considering the gauge transformation proper-
ties of the different metric components [18], this implies
in terms of the original perturbation variables
[E]± = 0 , [C +HT ]± = 0 , (71)
[B − T − E′]± = 0 , [−HA+ C′ − (H2 −H′)T ]± = 0 ,
where
F± = lim
ε→0
[F (+η∗ + ε)− F (−η∗ − ε)] , (72)
η∗ being the time of the transition: the end of inflation
happens at η = −η∗ and the radiation phase is estab-
lished at η = +η∗. This also ensures the continuity of
the Hubble parameter, the unperturbed extrinsic curva-
ture: at lowest order in the slow-roll expansion one has
Hinf(η = −η∗) = η−1∗ = Hrad(η = η∗) ≡ H∗ .
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Our original gauge is longitudinal gauge with E = B = 0,
A = Φ and C = −Ψ. With this Eqs. (71) become
[T ]± = 0 , [Ψ]± = 0 , (73)
[HΦ+Ψ′ + (H2 −H′)T ]± = 0 .
Inserting the solutions Eqs. (65) and (69) into Eq. (73),
and using that (H2−H′)− = ǫH2∗ and (H2−H′)+ = 2H2∗,
one can determine the constants Ψ0 and Ψ1 in terms of
T . Note that we set (H2 −H′)− = ǫH2∗ even though we
are performing the matching at lowest order in slow-roll,
since the order of T is as far not determined. A brief
computation yields
Ψ0 = b(k) +
ǫ− 2
3
H∗T + 2β
3
Ω−Π(x∗)
x2∗
, (74)
Ψ1
x3∗
= − ǫ− 2
3
H∗T + β
3
Ω−Π(x∗)
x2∗
− 3Ω
+
Π(x∗)
x2∗
. (75)
If one inserts the above constants in the radiation so-
lution Eqs. (69), the following problem for the metric
perturbations becomes manifest: since 0 < α < 3/2, the
term
Ω−Π(x∗)
x2∗
∼
(
H∗
mP
)2
xα−2∗ ≥
(
H∗
mP
)2
x
−1/2
∗ ,
which can be very large for small x∗, enters in the con-
stant mode Ψ0 of both Ψ+ and Φ+, and contributes to
the fluctuation amplitude as
√
k3PΨ0 ∼
Ω−Π(x∗)
x2∗
.
If this term is not ‘compensated’ in any way, it leads to
very large fluctuations. Indeed, if one evaluates again the
same ratio as in Eq. (67) but this time in the radiation
era, one finds∣∣∣∣WeylRicci
∣∣∣∣
rad
∼ Ω−Π(x∗)
(
x
x∗
)2
, (76)
which can become very large with the expansion of the
Universe. However, we now show that this term is exactly
compensated by the term proportional to T in Eq. (74),
if we choose a proper hypersurphace for the transition
and deal with the slow-roll expansion properly.
To go on we need to specify a physically meaning-
ful transition hypersurphace Σ, in order to determine
T . Since inflation is driven by the scalar field, which
controls the background evolution of the Universe, it is
reasonable to assume that inflation ends when the en-
ergy density of the scalar field reaches a certain value.
In this case, the hypersurface of transition is the one
of constant energy density of the scalar field, such that
ρϕ(η˜,x) = ρ¯ϕ+δρϕ = const, at constant η˜. This requires
to choose T = −δρϕ/ρ¯′ϕ, so that δ˜ρϕ = 0 [14]. We can
compute T explicitly at the end of inflation, for η = −η∗.
Using the scalar Einstein equations to eliminate the in-
flaton perturbations we find
H∗T = −1
3(1 + w−)
[
2Φ−+
2Ψ′−
H∗ +Ω
−
em+
2k2Ψ−
3H2∗
]
. (77)
Here Ω−em = ρem/ρ¯ϕ is the density parameter of the elec-
tromagnetic field which is of the order of x2∗Ψ− like the
last term in Eq. (77): these two terms can therefore be
neglected at lowest order in x∗ ≪ 1. The first two terms
in Eq. (77) are related to the curvature perturbation ζ
defined in Eq. (15). Since Ψ and H do not jump, to low-
est order in x∗ the jump in ζ is related to the one in T
by H∗[T ]± = − [ζ]±. The condition [T ]± = 0 for the
{ρϕ = const.} hypersurface then implies
[ζ]± = 0 . (78)
Hence the constant density matching requires that the
curvature perturbation is continuous at lowest order in
x∗ ≪ 1 (but it can be discontinuous at next-to-leading
order). Inserting Eqs. (65) and (66) into Eq. (77), we find
to lowest order in x∗ ≪ 1 and in the slow-roll expansion
H∗T ≃ −b(k)
ǫ
. (79)
It appears therefore that, if the hypersurface of transition
is the one of constant energy density for the inflaton, T
is of O(ǫ−1) at lowest order in the slow-roll expansion.
With this choice for T , the solution Eq. (69) in the ra-
diation era for x∗ ≪ 1 is completely determined, with
coefficients:
Ψ0 =
2
3
(
1 +
1
ǫ
)
b(k) +
2β
3
Ω−Π
x2∗
, (80)
Ψ1
x3∗
=
1
3
(
1− 2
ǫ
)
b(k) +
β
3
Ω−Π
x2∗
− 3Ω
+
Π
x2∗
. (81)
From these equations we see that the magnetic field
anisotropic stress does not contribute to the leading order
in slow-roll O(ǫ−1) . The following order O(ǫ0) cannot
be trusted: this order would indeed receive contributions
from T at next-to-leading order in slow-roll that we did
not take into account in Eq. (79). To be consistent it is
therefore necessary to solve Bardeen equation up to next-
to-leading order in the slow-roll expansion, as anticipated
in Section II.
To solve Eq. (13) at next-to-leading order in the slow-
roll expansion, we proceed as in Section IVA. In the fol-
lowing we present the solution and the matching for the
inhomogeneous part only, sourced by the electromagnetic
field; the relevant inflationary contribution in the radia-
tion era is the one given in Eqs. (80), (81) at lowest order
in slow-roll. For the inhomogeneous solution at next-to-
leading order, we have to account for the fact that the
source Eq. (47) has now a time dependence of the form
xα+2ǫ. We find the inhomogeneous part of the solution
Ψˆ−inh ≃ (1 + 3ǫ)
β
x2
ΠS
ρϕ
. (82)
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We then identify the Bardeen potential quantum opera-
tor with its r.m.s. amplitude as previously done, and we
find the expressions (equivalent to Eqs. (65), (66) up to
next-to-leading order O(ǫ)):
Ψ−inh(x) ≃ β
[
1 +
(
1 + 2 log
(
η
η1
))
ǫ
]
Ω−Π
x2 (83)
Φ−inh(x) ≃
[
β − 3 +
(
β + 2(β − 3) log( ηη1
))
ǫ
]
Ω−Π
x2 (84)
The logarithmic factors arise because we have kept defi-
nition (61) for Ω−Π , which is at lowest order in slow-roll.
The matching proceeds as before with the difference
that the continuity of the unperturbed extrinsic curva-
tureH implies that the radiation phase is now established
at time η = η∗/(1 + ǫ):
Hinf(η = −η∗) = 1 + ǫ
η∗
= Hrad
(
η =
η∗
1 + ǫ
) ≡ H∗ . (85)
Inserting solutions (83) and (84) into Eq. (77), we obtain
for the electromagnetic contribution to the gauge trans-
formation variable T at next-to-leading order:
H∗T ≃ −b(k)
ǫ
+ β
Ω−Π
x2∗
. (86)
Inserting this expression in Eq. (74), we find that at next-
to-leading order,H∗T cancels exactly the magnetic mode
in Ψ0 given by (2β/3)Ω
−
Π(x∗)/x
2
∗ (c.f. Eq. (80)), so that
in Ψ0 only the inflationary contribution remains. The
matching conditions, Eqs. (73), insure therefore that the
magnetic mode ∝ Ω−Π/x2 does not transfer into the con-
stant mode Ψ0 at the transition to the radiation era. Note
that, in order to reach this conclusion, it is absolutely
necessary to perform the matching. The decaying mode
of the solution for Ψ+ in the radiation era which is pro-
portional to Ω+Π does not give any information on Ψ0 (c.f.
Eq. (69)). Therefore, the calculation done in Ref. [19]
and, in particular, their solution Eq. (33) are not suffi-
cient to claim that no electromagnetic contamination to
Ψ0 is present after inflation.
As a result of the matching, we see that the dangerous
behavior inferred in (76) is not present. Since the de-
caying mode in Eqs. (69) can be neglected, we arrive at
the result that the inflationary electromagnetic field con-
tributes to the metric perturbations in the radiation era
through Ψ0 only at next-to-leading order in x ≪ 1, i.e.
at order O(x0) instead of O(x−2). Therefore, in order to
find the relevant effect of the inflationary electromagnetic
field, we would have to go to the next-to-leading order in
the large-scale expansion. However, solving Bardeen Eq.
(13) analytically at next-to-leading order in x = k|η| ≪ 1
and in the slow-roll expansion is highly nontrivial. The
electromagnetic contribution to the metric perturbations
can be found more easily by solving for the curvature
perturbation ζ which, as shown at the end of Section II,
is only sourced at next-to-leading order in x≪ 1.
D. The curvature perturbation
The metric perturbations in the radiation era are given
in Eqs. (69): neglecting the decaying mode, the relevant
contribution generated by the electromagnetic field is in
the constant mode Ψ0, but only at orderO(x0) as demon-
strated in the previous section. The simplest way to ob-
tain Ψ0 is to solve for the curvature perturbation ζ. In-
deed, inserting Eqs. (69) into the definition of ζ Eq. (15)
one finds that
ζ+ =
3Ψ0
2
. (87)
Since ζ is continuous at the transition from inflation to
the radiation era, as demonstrated in Eq. (78), this means
that Ψ0 is given by the value of the curvature at the end
of inflation
Ψ0 =
2ζ−
3
≡ 2
3
[(
1 +
1
ǫ
)
b(k) + ζ∗
]
, (88)
where we denote by ζ∗ the contribution sourced by the
electromagnetic field during inflation, which we need to
determine.
Note that the solutions Eqs. (65) and (66) do not allow
to compute ζ∗. Indeed, inserting them into Eq. (15) we
find that the term HΦ+Ψ′ vanishes. Naively one might
think that this implies simply ζ− = Ψ−, and that ζ has a
contribution at order O(x−2) ·O(ǫ0); however, this would
be in contradiction with Eq. (16), which shows that ζ is
only sourced at next-to-leading order in x≪ 1. In reality,
this contradiction is solved if one inserts in definition (15)
the Bardeen potentials at order ǫ and not simply ǫ0, be-
cause the term HΦ+Ψ′ enters with a prefactor of order
O(1/(w+ 1)) = O(ǫ−1) in (15). Inserting solutions (83)
and (84) one verifies that the order O(x−2) · O(ǫ0) van-
ishes, and we expect that the same thing happens at any
following order in ǫ (note that Eq. (16) is indeed valid at
any order in slow-roll). Consequently, the relevant con-
tribution of the electromagnetic field ζ∗ is of the order
O(x0) · O(ǫ−1), as anticipated at the end of Section II.
To evaluate ζ∗ using Eq. (15), we would therefore need
to go to the next order in Ψ− and Φ−: we evade this
by computing ζ∗ directly. This can be achieved either by
solving Eq. (16) and inserting solution (65) for Ψ−, or by
solving directly Eq. (17).
Let us start by solving Eq. (17). The source term is
Sζ ≡ 1
ǫ x2ρϕ
[
−6ρem + xdρem
dx
+ x
dΠS
dx
]
, (89)
involving not only the anisotropic stress but also the elec-
tromagnetic energy density and its derivative, which are
given in Eqs. (49,50). The electromagnetic energy den-
sity and the anisotropic stress have the same dependence
on time and wavenumber, i.e. they go as xα. The in-
tegration of Eq. (17) becomes then straightforward: the
details of the solution are given in Appendix A. Identi-
fying again the quantum operators ζˆ and ρem with their
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r.m.s. amplitude as done in Section IVA, one finally
obtains the solution
ζ−inh(x) ≃
H2
9m2P
1
ǫ
[
(α− 6)2C2em + 2α(α− 6)CρΠ + α2 C2Π
]1/2
×
{
− log (x/xin) if α = 0
xαin/α if α 6= 0 (90)
where xin ≃ 1 denotes horizon exit (when the source
starts to act). We have introduced the coefficient CρΠ
denoting the amplitude of the cross term arising from
the correlation 〈0|ρ†emΠS |0〉: the cross-correlation has the
same spectral dependence, as xα, as the electromagnetic
energy density and anisotropic stress. We can define,
analogously to Eq. (61),
Ω−em(k, η) ≡
√
k3Pem
ρ2ϕ
≃ H
2
3m2P
Cem(γ)x
α . (91)
It is interesting to note that in the scale-invariant case,
α = 0, the anisotropic stress does not contribute to ζ−inh
to lowest order in the slow-roll expansion. Furthermore,
only in the scale-invariant case there is a logarithmic
build up of ζ−inh, whereas in all other cases ζ
−
inh is con-
stant on large scales: it is generated at horizon crossing
and then stops growing. The Bardeen potentials Ψ− and
Φ−, on the other hand, keep growing outside the horizon
and soon become large: this renders longitudinal gauge
badly adapted to the problem at hand. Conversely, in the
comoving gauge, for example, all perturbation variables
remain small during inflation (c.f. Appendix A).
We could have solved for ζ−inh by means of Eq. (16) and
inserting solution (65) for Ψ−. In this case, the source
term in (16) contains also a contribution form the Poynt-
ing vector. However, this can be eliminated in favor of
ρem and ΠS using the momentum conservation Eq. (A10)
derived in Appendix A, and the two approaches give fi-
nally the same result for ζ−inh.
Neglecting the decaying mode Ψ1/x
3 and using so-
lution (90) with ζ∗ = ζ
−
inh(x∗), the Bardeen poten-
tials in the radiation era are completely determined (c.f.
Eq. (69)):
Ψ+(x) =
2
3
(
1 +
1
ǫ
)
b(k) +
2ζ∗
3
+
3Ω+Π
x2
and
Φ+(x) =
2
3
(
1 +
1
ǫ
)
b(k) +
2ζ∗
3
. (92)
Comparing these solutions with the ones obtained at
large scales from a magnetic field generated causally dur-
ing a primordial phase transition [17], we see that the
only difference is the constant mode
2ζ∗
3
∼
(
H∗
mP
)2
1
ǫ
{
− log (x∗) if α = 0
1/α if α 6= 0 (93)
(neglecting factors of order one). This constant mode is
generated by the curvature perturbation at the end of
inflation. In the case of a primordial phase transition,
the curvature perturbation has no contribution from the
electromagnetic field before the phase transition. The
continuity of the curvature at the phase transition forces
therefore ζ∗ = 0. During inflation, however, the cur-
vature is dynamically generated by the electromagnetic
source and at the end of inflation it transfers into the
constant mode Ψ0, adding a new term to the Bardeen
potentials.
In solutions (92), the mode sourced by the magnetic
field anisotropic stress in the radiation era Ω+Π would
dominate at large scales. However, once neutrinos start
free-streaming, this term is exactly compensated by the
neutrino anisotropic stress, and leaves no visible effect in
the CMB, see [17]. The observationally relevant contribu-
tion from Ω+Π is therefore given by the so-called ‘passive’
mode, arising at next-to-leading order in the large-scale
expansion [23]. However, the passive mode is present
also for a magnetic field generated by a causal process
such as a phase transition; in the case of a magnetic
field generated during inflation, one has to add the term
proportional to ζ∗ to the passive mode. The full solu-
tion for the Bardeen potential in the matter era from an
inflationary magnetic field becomes therefore (in this dis-
cussion we neglect the contribution of the compensated
mode, which is anyway subdominant with respect to the
passive mode):
Ψ+(x > xeq) =
2
3
(
1 +
1
ǫ
)
b(k)+
2ζ∗
3
− 3
5
Ω+Π log
(
xν
x∗
)
,
(94)
where xeq = kηeq with ηeq denoting the time of equality,
and xν = kην with ην denoting the time of neutrino de-
coupling. The last term is the passive mode taken from
Eq. (6.10) of [17], where we have set for the time of cre-
ation of the magnetic field η = η∗. Let us compare the
amplitudes of the new constant mode 2ζ∗/3 and of the
usual passive one. For sufficiently red spectra, α < 3/2,
we can safely set Ω−Π ≃ Ω+Π and equally Ω−em ≃ Ω+em
(c.f. discussion at the end of Section IVB). The ampli-
tude of the constant mode is therefore proportional to
(H∗/mP )
2 ∼ Ω−em/xα∗ , while the one of the passive mode
is proportional to Ω−Π ≃ Ω−em. Therefore, for a scale-
invariant electromagnetic field with α = 0, the difference
among the amplitude of the two modes is only due to the
presence of the logarithms and of 1/ǫ (c.f. Eq. (93)). The
logarithm appearing in the term 2ζ∗/3 corresponds to the
number of e-folds between horizon exit of a given scale
k ≃ 1/ηin and the end of inflation, while the one appear-
ing in the passive mode corresponds to the time interval
between the end of inflation and neutrino free-streaming.
If, on the other hand, 0 6= α < 3/2, the amplitude of the
passive mode is significantly suppressed with respect to
the constant inflationary one due to the extra factor xα∗ .
Note also that the new term 2ζ∗/3 is of the same
order of magnitude as the inflationary power spectrum
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Pb ≃ (H∗/mP )2/ǫ, up to the large log in the scale in-
variant case α = 0. However, coming from the square of
a Gaussian field, it is genuinely non-Gaussian and may
lead to a significant fNL, see Refs. [13, 24].
V. DISCUSSION AND CONCLUSIONS
In this paper we have computed the impact of pri-
mordial magnetic fields generated during inflation on the
Bardeen potentials in the subsequent radiation era. We
have solved the Bardeen equation both during inflation
and in the radiation era. We have used the inflation-
ary solution as initial condition for the radiation era,
by matching the solutions at the transition in such a
way that the induced metric and the extrinsic curva-
ture on the ρ = constant hypersurface remain contin-
uous through the transition. This matching procedure
uniquely determines the solution after inflation.
We have shown that the leading-order contribution to
the Bardeen potential at large scales, Ψ− ≃ Ω−Π/(kη∗)2,
is transferred entirely to the decaying mode in the radia-
tion era. Consequently, the inflationary electromagnetic
field contributes only at next-to-leading order, i.e. at or-
der O(x0). A similar situation can appear in bouncing
universes, like e.g. the ekpyrotic universe [25, 26]: dur-
ing the contracting phase, the growing mode can become
very large. Only if this large mode is entirely transferred
to the decaying mode of the expanding Universe, do per-
turbations remain small; this full transfer can be achieved
by the continuity of the curvature perturbation ζ. Here
the situation is different, because the large mode is due
to a source. But we have found that even in this case, ζ
remains small and its continuity is sufficient to guarantee
that the large, superhorizon mode does not contribute to
the constant Ψ0. This shows that a gauge which exhibits
large metric fluctuations, as the longitudinal one, can be
very misleading: in the transition to the radiation era
the Bardeen potential Φ jumps by a huge amount, while
ζ remains continuous.
Performing the calculation at order O(x0), we have
found that the Bardeen potential in the radiation era
contains a constant term proportional to the amplitude of
the electromagnetic energy density at the end of inflation,
which takes the form
Ψem+ ∝
Ω−em(k, η∗)
(kη∗)α
1
ǫ
≃
(
H∗
mP
)2
1
ǫ
. (95)
If the electromagnetic field generated during inflation is
scale-invariant, this contribution is enhanced logarithmi-
cally by a factor of about − log(kη∗). Note that the ori-
gin of this constant term in Ψ+ is quite different from
the case of a magnetic field generated by a causal pro-
cess, like, for example, at a phase transition in the early
Universe. In this latter case, in fact, the matching condi-
tions insure that the electromagnetic field perturbations
are compensated on superhorizon scales.
In addition to the above contribution to Ψ+, there is
the one from the anisotropic stress of the magnetic field
during the radiation era ∝ Ω+Π/x2, which is however com-
pensated later on by neutrino free-streaming. As shown
in [17] (see also [27]), the magnetic field anisotropic stress
is not compensated as long as the neutrinos are still cou-
pled to radiation and do not free-stream. However, when
neutrinos decouple, they develop an anisotropic stress
that counter-balances the one of the magnetic field, re-
moving the magnetic mode at large scales [28]. Only
the metric perturbations at next-to-leading order remain,
which correspond to the so-called ‘passive’ mode [23].
This compensation also takes place if the magnetic field
is generated during inflation. However, as we have shown
with this work, in addition to the mode which later is
compensated, ∝ Ω+Π/x2, and to the passive mode, infla-
tionary magnetic fields also lead to a constant mode as
in Eq. (95).
Let us estimate the amplitude of the constant mode
for the most interesting case of a scale-invariant mag-
netic field. In this case, the anisotropic stress does not
contribute to the result since α = 0. The electromagnetic
energy density is
Ω−em ≃
ρB
ρ¯rad
≃
(
B
4µG
)2
≃
(
H∗
mP
)2
. (96)
Furthermore, H2∗ ∼ T 4∗ /m2P ∼ m2P Ω−em so that T∗ ∼
mP (Ω
−
em)
1/4. The largest observationally allowed mag-
netic fields have an amplitude B ≃ 10−9G, leading to
Ω−em ≃ 10−7 and T∗ ∼ 10−2mP . For the conformal
time at the transition we find η∗ = H−1∗ = (a∗H∗)−1 =
T∗
√
Ω−em/(T0mP ). Setting k0 = H0 ≃ T 20 /(mP
√
Ωγ),
we obtain for the present Hubble scale k0 = H0
x∗0 = η∗k0 =
1√
ΩγΩem
T0T∗
m2P
≃ 10−28 ;
so that − log(x∗0) ∼ 64. Therefore, the amplitude of
the metric perturbation, Ψem+ ≃ −Ω−em log(x∗)/ǫ, at the
wavenumber corresponding to the present Hubble scale
is enhanced by the number of e-folds of inflation after the
present Hubble scale has exited the horizon.
To estimate the effect of an inflationary magnetic field
on the CMB at large scales, we can set very roughly
∆T/T ∼ Ψ: the full observationally relevant contribu-
tion is then given by the sum of the passive and the con-
stant modes, as given in Eq. (94). In the scale-invariant
case α = 0, the logarithmic enhancement of the passive
mode is −3/5 log(T∗/Tν) ≃ −27, and the one of the new
inflationary contribution is of the order of the number of
e-folds, therefore in total larger by about a factor 2/ǫ.
We obtain then that the amplitude of the effect on the
CMB is increased with respect to the naively expected
amplitude ≃ Ω−em by nearly 2 orders of magnitude due to
the large logarithms. In other words, it might be possible
to detect inflationary magnetic fields in the CMB down
to about 10−10G instead of the usual limit of 10−9G.
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The limit of about 10−9G was obtained, for example, in
Refs. [29] which, in order to be model-independent, only
evaluate the effect of the compensated mode, correspond-
ing to Ψem+ ∼ Ω−em. Furthermore, contrary to the inflaton
perturbations, the contribution from the magnetic field
is inherently non- Gaussian as it is quadratic in the field
amplitude. This leads to a nontrivial bispectrum, see
Refs. [13, 24].
It remains to be investigated whether it is consistent
to ignore the gauge symmetry breaking which is neces-
sary for the proposed mechanism to work, or whether it
leads to other consequences which have to be taken into
account. For example the effects of a possible longitudi-
nal gauge mode have to be studied. However, apart from
fine-tuned examples like the one proposed in Ref. [30], at
present this inflationary scenario seems to be the only vi-
able candidate for primordial large-scale magnetic fields.
If a causal generation mechanism is to be successful, a
strong inverse cascade is needed in order to move corre-
lations from small to larger scales. This inverse cascade
has to be more efficient than the one proposed e.g. in [31],
which has been shown to be insufficient [32]. The issue
of the evolution of helical magnetic fields is still unsolved
and interesting research in this direction is ongoing, see
e.g. [33].
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Appendix A: An evolution equation for the
curvature perturbation
1. In comoving gauge
Here we derive an equation for the curvature pertur-
bation ζ in the comoving gauge. Since the curvature is
gauge invariant, we can use the solution to compute the
constant mode of the Bardeen potential Ψ0, as shown
in the main text. We work in the gauge comoving with
the total fluid, i.e. such that qtoti ≡ qemi + qϕi = 0 and
Bi = 0. The metric is (in Fourier space, we use the
notation of [18])
ds2 =a2
{
− (1 + 2A)dη2
+
[
(1 + 2HL)δij + 2HTYij
]
dxidxj
}
.
(A1)
In this gauge the perturbed Einstein equations read
HA−H ′L −
H ′T
3
= 0 (A2)
3H2A− 3HH ′L − k2
(
HL +
HT
3
)
= (A3)
4πGa2
{
ϕ′20 A
a2
− ρem + ik
j
ak2
[(
H+ 2ϕ
′′
0
ϕ′0
)
qem j − q′em j
]}
− k2A+H ′′T + 2HH ′T − k2
(
HL +
HT
3
)
= 8πGa2ΠS
(A4)
HA′ + (2H′ +H2)A− k
2A
3
− k
2
3
(
HL +
HT
3
)
− 2HH ′L
−H ′′L = 4πGa2
{
−ϕ
′2
0 A
a2
+
ρem
3
+
ikj
ak2
(
3Hqem j + q′em j
)}
(A5)
These equations can be rewritten in terms of the curva-
ture perturbation ζ which is given by
ζ = −HL − HT
3
. (A6)
Using Eq. (A2) to express A in terms of ζ and Eq. (A6)
to write HT in term of HL and ζ, one finds the following
set of coupled equations for ζ and HL:
−
(
2H+ H
′
H
)
ζ′ − 3HH ′L + k2ζ = (A7)
4πGa2
{
−ρem + ik
j
ak2
[(
H+ 2ϕ
′′
0
ϕ′0
)
qem j − q′em j
]}
3ζ′′ +
(
6H− k
2
H
)
ζ′ − k2ζ + 3H ′′L + 6HH ′L = −8πGa2ΠS
(A8)
ζ′′ +
(
2H− k
2
3H
)
ζ′ − k
2
3
ζ +H ′′L + 2HH ′L = (A9)
− 4πGa2
{
ρem
3
+
ikj
ak2
(
3Hqem j + q′em j
)}
Combining Eq. (A8) with Eq. (A9) one finds a conserva-
tion equation for the magnetic field
ikj
ak2
q′em j = −
ρem
3
+
2ΠS
3
− 3H ik
j
ak2
qem j . (A10)
Deriving Eq. (A7) and combining it with Eqs. (A8)
and (A10) gives a second-order evolution equation for
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the curvature ζ(
H− H
′
H
)
ζ′′ +
[
2H2 − 2H′ −
(H′
H
)′
+
(H′
H
)2]
ζ′
+ k2
(
H− H
′
H
)
ζ =
8πGa2
3
{[
−3H+ H
′
H +
2ϕ′′0
ϕ′0
]
ΠS
−ΠS ′ +
[
−6H+ H
′
H −
ϕ′′0
ϕ′0
]
ρem − ρ′em
− 3 ik
j
ak2
[
H′
H
ϕ′′0
ϕ′0
−
(
ϕ′′0
ϕ′0
)′]
qem j
}
. (A11)
At lowest order in slow-roll this equation becomes
ζ′′ + 2Hζ′ + k2ζ = −8πGa
2
3ǫ
{
6ρem +
ρ′em
H +
ΠS
′
H
}
.
(A12)
The source term in Eq. (A12) has no contribution propor-
tional to ΠS/k
2. Hence as expected it remains small at
all scales providing that the magnetic field is small. The
curvature seems therefore a more suitable variable than
the Bardeen potentials to describe perturbations in the
presence of a primordial magnetic field during inflation.
In terms of the variable x = −kη Eq. (A12) reads
d2ζ
dx2
− 2
x
dζ
dx
+ ζ =
1
ǫx2ρϕ
{
−6ρem + xdρem
dx
+ x
dΠS
dx
}
≡ Sζ . (A13)
As we argue in the main text, the time and k dependence
of ρem are the same as for ΠS , i.e. ∝ xα. We can therefore
rewrite ρem and ΠS simply as
ρem
ρϕ
= Aemx
α and
ΠS
ρϕ
= AΠx
α , (A14)
where Aem and AΠ denote the amplitude of the quantum
operators which do not contain any x dependence and
are therefore irrelevant for the integration of Eq. (A13).
With this, the source term for the curvature becomes
Sζ =
1
ǫ
[
(α− 6)Aem + αAΠ
]
xα−2 . (A15)
The homogeneous solution to Eq. (A13) is
ζ = c1x
3/2J3/2(x) + c2x
3/2J−3/2(x) . (A16)
The solution of the inhomogeneous equation can be com-
puted using the Wronskian method. Integrating from
xin ≃ 1 to 0 < x≪ 1 one finds
ζˆinh =
1
3ǫ
[
(α−6)Aem+αAΠ
]{ − log (x/xin) if α = 0
xαin/α if α 6= 0 .
(A17)
From the above solution, it appears that when one identi-
fies the quantum operator ζˆinh with its r.m.s. amplitude,
in general there will be also a cross term due to the cor-
relation among the electromagnetic energy density and
the anisotropic stress, 〈0|A†emAΠ|0〉 (c.f. Eq. (90) of the
main text).
2. In synchronous gauge
The ζ–equation of motion can also be obtained in syn-
chronous gauge. There the metric is
ds2 = a2
{−dη2 + [(1 + 2HL)δij + 2HTYij]dxidxj} .
(A18)
And the perturbed Einstein equations read
H ′L +
H ′T
3
= 4πG
(
−ϕ′0δϕ+
iakj
k2
qemj
)
(A19)
3HH ′L + k2
(
HL +
HT
3
)
= (A20)
4πG
[
ϕ′0δϕ
′ + V,ϕa
2δϕ+ a2ρem
]
H ′′T + 2HH ′T − k2
(
HL +
HT
3
)
= 8πGa2ΠS (A21)
−
(
HL +
HT
3
)′′
− 2H
(
HL +
HT
3
)′
=
4πG
[
ϕ′0δϕ
′ − V,ϕa2δϕ+ a2pem − 2
3
a2ΠS
]
(A22)
Combining these equations to eliminate δϕ and using
that in this gauge
ζ = − 1
ǫH
(
HL +
HT
3
)′
−
(
HL +
HT
3
)
,
one can again derive Eq. (A13) for ζ in the slow-roll ap-
proximation.
Appendix B: Computation of the anisotropic stress
Here we present a detailed computation of the
anisotropic stress power spectrum. First we need to com-
pute the anisotropic stress ΠS(k, η). As an example, we
focus on one specific contribution, namely
ΠS(x, η) = −1
2
f2
8πa4
A′i(x, η)A
′
i(x, η) + · · · . (B1)
Using the expansion in Eq. (21) for Ai, the Fourier trans-
form of the anisotropic stress reads
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ΠS(k, η) = − f
2
2a4
∫
d3xeik·x
∫
d3k′
(2π)3
∫
d3q
(2π)3
2∑
λλ′=1
eλ i(k
′)eλ i(q)×[
bλ(k
′)
(A(k′, η)
f
)′
eik
′·x + b†λ(k
′)
(A(k′, η)
f
)′
e−ik
′·x
][
bλ′(q)
(A(q, η)
f
)′
eiq·x + b†λ′(q)
(A(q, η)
f
)′
e−iq·x
]
+ · · · .
(B2)
This equation contains four different products of creation and annihilation operators. For each product the integral
over d3x can be performed, e.g.
bλ(k
′)bλ′(q)
∫
d3xeix(k+k
′+q) = (2π)3δ(k+ k′ + q)bλ(k
′)bλ′(−k− k′) , (B3)
and similarly for the three other terms. With this the anisotropic stress becomes
ΠS(k, η) = − f
2
2a4
∫
d3k′
(2π)3
2∑
λλ′=1
eλ i(k
′)
(A(k′, η)
f
)′{
eλ′ i(−k− k′)
(A(|k + k′|, η)
f
)′
bλ(k
′)bλ′(−k− k′)
+ eλ′ i(k+ k
′)
(A(|k + k′|, η)
f
)′
bλ(k
′)b†λ′(k+ k
′) + eλ′ i(k
′ − k)
(A(|k′ − k|, η)
f
)′
b†λ(k
′)bλ′(k
′ − k)
+ eλ′ i(k− k′)
(A(|k − k′|, η)
f
)′
b†λ(k
′)b†λ′(k− k′)
}
+ · · · .
(B4)
Performing the same calculation for the other contributions in ΠS we obtain Eq. (24).
We can then compute the spectrum of the anisotropic stress 〈0|Π†S(q, η)ΠS(k, η)|0〉. The only operators that
contribute to the spectrum are bb†bb† and bbb†b†. The first operator corresponds to the case where one mode is
created and destroyed and then a second mode is created an destroyed, and the second operator corresponds to the
case where two modes are created and then destroyed. The contribution from the first operator reads
〈0|
(
bα(q
′)b†α′(q+ q
′)
)†
bλ(k
′)b†λ′(k+ k
′)|0〉 ∼ δλλ′δαα′δ(k)δ(q) . (B5)
This term does only contribute to the zero-mode k = q = 0 and it has therefore no effect on the fluctuations, i.e. on
the Bardeen potential. The contribution from the second operator is
〈0|bα′(q− q′)bα(q′)b†λ(k′)b†λ′(k− k′)|0〉
= (2π)3δαλδ(q
′ − k′)〈0|bα′(q− q′)b†λ′(k− k′)|0〉+ 〈0|bα′(q − q′)b†λ(k′)bα(q′)b†λ′(k− k′)|0〉
= (2π)6δαλδα′λ′δ(q
′ − k′)δ(k− k′ + q′ − q) + (2π)6δαλ′δα′λδ(k′ + q′ − q)δ(q′ + k′ − k) ,
(B6)
where for the first equality we have used the commutation relation between bα and b
†
λ. The two terms in Eq. (B6)
give both the same contribution to the power spectrum, which becomes
〈0|ΠS†(q, η)ΠS(k, η)|0〉 = 9
2a8
δ3(q− k)
∫
d3k′
{
B21(k,k
′)f4
∣∣∣∣∣
(A(k′, η)
f
)′∣∣∣∣∣
2
·
∣∣∣∣∣
(A(|k− k′|, η)
f
)′∣∣∣∣∣
2
+B22(k,k
′)
∣∣A(k′, η)∣∣2 · ∣∣A(|k − k′|, η)∣∣2 + 2B1(k,k′)B2(k,k′)A(k′, η)A(|k − k′|, η)
× f2
(A∗(k′, η)
f
)′(A∗(|k− k′|, η)
f
)′}
,
(B7)
where
B1(k,k
′) =
2∑
λ,λ′=1
(
kˆikˆj − δ
ij
3
)
eλ i(k
′)eλ′ j(k− k′) ,
B2(k,k
′) =
2∑
λ,λ′=1
(
δij
3
− kˆikˆj
)[
eλ ℓ(k
′)k′i − eλ i(k′)k′ℓ
]
·
[
eλ′ ℓ(k− k′)(kj − k′j)− eλ′ j(k− k′)(kℓ − k′ℓ)
]
.
(B8)
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Equation (B7) contains integrals over the direction of k′ that are difficult to compute exactly. However, since we
are mainly interested in the scaling of the anisotropic stress with η and k, but not in its precise numerical value, we
approximate these integrals with
1
4π
∫
dΩk′B
2
1(k,k
′)
∣∣∣∣∣
(A(|k− k′|, η)
f
)′∣∣∣∣∣
2
≃ σ1(γ)
∣∣∣∣∣
(A(|k − k′|, η)
f
)′∣∣∣∣∣
2
, (B9)
with σ1(γ) a constant which depends somewhat on the index γ through the solution for A but which is always of
order one since the terms in B1 contain only unit vectors. Similarly we approximate
1
4π
∫
dΩk′B
2
2(k,k
′)
∣∣A(|k − k′|, η)∣∣2 ≃ σ2(γ)k′2|k − k′|2∣∣A(|k − k′|, η)∣∣2 , (B10)
and
2
4π
∫
dΩk′B1(k,k
′)B2(k,k
′)A(|k − k′|, η)
(A∗(|k− k′|, η)
f
)′
≃ σ3(γ)k′|k − k′|A(|k − k′|, η)
∣∣ (A∗(|k − k′|, η)
f
)′
,
(B11)
with σ2(γ) and σ3(γ) two constants of order unity. With these approximations only the integral over the wavenumber
k′ remains and we find for the anisotropic stress power spectrum
PΠ(k, η) =
9 · 4π
2a8
∫ 1/|η|
0
k′2dk′
(2π)3
{
σ1(γ)f
4
∣∣∣∣∣
(A(k′, η)
f
)′∣∣∣∣∣
2
·
∣∣∣∣∣
(A(|k − k′|, η)
f
)′∣∣∣∣∣
2
+ σ2(γ)k
′2|k − k′|2∣∣A(k′, η)∣∣2
×
∣∣A(|k − k′|, η)∣∣2 + σ3(γ)k′|k − k′|A(k′, η)A(|k − k′|, η)f2(A∗(k′, η)
f
)′(A∗(|k − k′|, η)
f
)′}
,
(B12)
where we neglect the contributions coming from k′ > 1/|η| because for these the Bessel functions in A, Jν(k′|η|) and
Jν(|(k − k′)η|), lead to oscillations and the result is damped. This equation can be written in terms of the power
spectra for B, E and EB, that have been calculated, for example, in Refs. [6, 16]
PB = 4π
k2
f2a4
|A(k, η)|2 , (B13)
PE = 4π
1
a4
∣∣∣∣∣
(A(k, η)
f
)′∣∣∣∣∣
2
, (B14)
PEB = 4π
k
fa4
(A(k, η)
f
)′
A∗(k, η) . (B15)
With this we find
PΠ(k, η) = 18πf
4
∫ 1/|η|
0
k′2dk′
(2π)3
{
σ1(γ)PE(k
′, η)PE(|k − k′|, η) + σ2(γ)PB(k′, η)PB(|k − k′|, η)
+ σ3(γ)PEB(k
′, η)PEB(|k − k′|, η)
}
.
(B16)
The calculation of the electromagnetic energy density
spectrum Pem(k, η) is analogous. The only difference is
in the angular dependence of the individual terms which
yields different parameters σ1, σ2 and σ3.
Appendix C: The various contributions to the
anisotropic stress power spectrum
Here we compute the spectrum of the anisotropic stress
generated by the electric field PE and the cross term PEB.
Let us start by the electric part. For γ < −1/2, we use
the first line in Eq. (37). Approximating the convolution
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with Eq. (D2) in Appendix D we find
PΠ(E) ≃
9|2c1|4σ1
4π2(γ + 1/2)4|η|5a8
1
9 + 4γ
. (C1)
For γ > −1/2 we take the second line in Eq. (37) which
gives
PΠ(E) ≃
9|c2|4σ1(1− 2γ)4
4π2|η|5a8

1
5−4γ
if − 1/2 < γ < 5/4
1−2γ
(4−2γ)(5−4γ) x
5−4γ
if 5/4 < γ < 2
.
(C2)
The computation of the cross term involves three cases.
For γ < −1/2, we use the first line in Eq. (38) which
gives
PΠ(EB) ≃
9|c1|4σ3
4π2(γ + 1/2)2|η|5a8

2γ+2
(5+2γ)(7+4γ) x
7+4γ
if − 2 < γ < −7/4
1
7+4γ
if − 7/4 < γ < −1/2 .
(C3)
For −1/2 < γ < 1/2, we take the second line in Eq. (38)
and we obtain
PΠ(EB) ≃
9|c1|2|c2|2σ3(1− 2γ)2
4π25|η|5a8 . (C4)
Finally for 1/2 < γ < 2 we use the third line in Eq. (38)
which gives
PΠ(EB) ≃
9|c2|4σ3(1− 2γ)2
4π2|η|5a8

1
7−4γ
if 1/2 < γ < 7/4
2−2γ
(5−2γ)(7−4γ) x
7−4γ
if 7/4 < γ < 2
.
(C5)
The result for PΠ(B) is given in Eq. (40).
Appendix D: Convolution integrals
In the convolution
∫ 1/|η|
0
dk′k′2PX(k
′)PY (|k − k′|) we
usually have to integrate power laws. Hence these inte-
grals are of the form
I(α, β)(k) ≡
∫ 1/|η|
0
dk′k′α|k − k′|β . (D1)
Integrals of this type are very common when dealing with
primordial magnetic fields; the standard way of approx-
imating them has been given first in [34]. More refined
analytical evaluations of integrals of this type are beyond
the scope of this paper, see e.g. [28]. We first note that
these integrals require α + 1 > 0 in order to avoid an
infrared singularity at k′ → 0. We then split the integral
in its part 0 < k′ < k and k < k′ < 1/|η|. We use that
x = k|η| < 1, hence 0 < k < 1/|η|. In the first interval
we approximate |k − k′| ∼ k while in the second interval
we set |k − k′| ∼ k′. With this approximation, which
is certainly crude but retains the main characteristics of
the behavior, we obtain
I(α, β)(k) ≃
1
α+ 1
kα+β+1 +
1
α+ β + 1
(
|η|−(α+β+1) − kα+β+1
)
≃ 1|η|α+β+1
{
1
α+β+1 if α+ β + 1 > 0
βxα+β+1
(α+1)(α+β+1) if α+ β + 1 < 0 .
(D2)
For the last ≃ we have set x = k|η| and we use x < 1
to determine the dominant contribution. Interestingly,
such a convolution always either has a red spectrum, ∝
kn, n = α + β + 1 < 0 or it is white noise, ∝ k0. Blue
spectra cannot be generated by a convolution. If small
scales dominate, the integral is dominated by the upper
cutoff which yields a white noise behavior.
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